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35 3

1I.IfA=1]1 7 3| and Iis a 3 x 3 identity matrix, what is the maximum value of A

1 2 8

such that the matrix (A + AI) is singular?

2. Consider the following system of equations:

ar’ +byt = e
cx’ +dy* = f

where a,b, c,d,e and f are real constants such that ad # bc. The maximum possible
number of real solutions (z,y) of the system is

3. A is a 3 x 3 orthogonal matrix with real eigenvalues and tr(A) = 1. What is the
value of tr(I + A'%%) where ‘tr” denotes trace and I is an identity matrix?

4. Suppose u € R ig a unit vector with all non-zero elements. What is the minimum

eigenvalue of I — 2uu’ if I is identity matrix?

1 0 0
5. Les A= | 0 1| andb= [0|. The vector x that minimizes ||Ax —b||?, where || ||

-1 1 1
corresponds to the 2-norm (or Euclidean norm or magnitude) of a vector, is given as

6. If Ais a 3 x 3 real skew-symmetric matrix (i.e. AT = —A), and one of its eigen values
is 37, where 5 = +/—1, the two other eigen values are given by

7. Find the value of k£ such that the system of equations

x+ky=3
kr+y =3

has no solution when k =
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10.

11.

12.

13.

14.

15.

1+ cos(x)  sin(zx) 0
. For A= | sin(z) 1+ cos(z) 0 , the determinant of AT(2A4)7! is
0 0 2 + cos(z)
1 2 3
Find the rank of the matrix |2 5 8

0 -1 -2

Let v; = [1;2;a], vo = [0;1;4] and v3 = [2; 3;5]. For what value of a does v; lie in the
span of vy and v3?

Let X be a random variable with probability density function

1—z) if —1<2<1

fz) =

O oolot

otherwise.

If 02 denotes the variance of X, then what is the value of 702?

If x,y and z are selected independently and at random from the interval [0, 1], then
the probability that z < yz is

A person X fails to remember the last digit of the telephone number of his house
physician Dr. Y. What is the probability that at most four attempts are necessary
to find the actual number?

A girl alternatively tosses a fair coin and throws a die, starting with the die. Find
the probability that she will get a Tail before she gets a 4 or 5 on the die.

Let X and Y be two zero-mean continuous real-valued random variables with vari-
ances 0% and oi such that o2 > o%. If the conditional probability density function
of X given Y = y is known as

0.2
1 (x = ZFy)°
fX|Y(x’y) = . exp —ﬁ )
Jrr(i-%)  \ R(-F)

the value of [*_z fx)y(z|y)dz for 0% =1 and o} =4 is
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16.

17.

18.

19.

20.

21.

22.

23.

Suppose a fair die is rolled until the number 6 shows up twice. The probability that
the second 6 shows up in the fifth roll is

A certain disease affects 1% of a population. A test for the disease has the following
probabilities:

- The probability of correctly identifying a diseased person is 0.9 (true positive).

- The probability of correctly identifying a healthy person is 0.95 (true negative).

If a randomly selected person tests positive, what is the probability that they actually
have the disease? (Answer can be given in terms of simplified fraction)

Given two normal distributions as u ~ N (0, I3) and v ~ N (0, 215), where N (0, I5)
is a normal distribution with zero mean and covariance matrix as (2 x 2) identity
matrix I». Find the determinant of the covariance matrix of z, when z = u + 2v and
u, v are independent.

You are playing a game, where you start with 1 prize. In each round, you flip a fair
coin. If you get a heads, your number of prizes double, otherwise, you lose all your
prizes and the game ends. You can choose how many times to flip the coin before
stopping and keeping your prizes. Let X be the number of coin flips you decide to
take. Find the expected number of prizes you have at the end of the game, in terms
of X.

A fair die is rolled twice. What is the probability that the sum of the two numbers
is less than 57

The shortest distance from the curve ry = 4 to the origin is

Let the function f: R — R be defined as f(z) = e**1. Then
)~ ()

z—0 X

Evaluate this integral:

4
/ |z — 2|dx
4
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24. Evaluate:

lim (1
z—0 (

wl=| Nl
|
— | =

[u—
+ [+
\%_3/52

25. It S, =(1—p)> 1, kpF—!, where 0 < p < 1, then lim,,_,o S, is

26. Suppose f(z,y) is defined as

r, f0<zr<l,0<y<20<zxz+y<?2,
flr,y) =

0 otherwise.

The value of [*°_[7 f(x,y)dxdy is

27. The area between the parabolas 4> = 4 — z and y? = z is

28. Consider the function h(z,y, z) = 22z + 2yz + 5xy. Find the directional derivative of
h(z,y, z) at the point R(2,—1,3) in the direction of the vector ¢ = 31 — 25 + k.

29. Compute the limit lim, (V2% + bz — )

30. Find the global maximum and the value at which it occurs for f(z) = 23 — 62% + 9z
in the range [0 5].

END OF QUESTION PAPER






